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A BUNDLE Q isomorphic to the normal bundle of a codimension q smooth foliation is 
denoted by Qq z FL. The Bott vanishing theorem [l] states that if Qqz FL, then Pant’(Q) =0 
for r > 2q, where Pant*(Q) is the ring generated by the real pontryagin classes of Q. On 
account of this vanishing certain secondary classes, Massey triple products, are defined. We 
show that they are also obstructions to foliations, i.e. their vanishing is also necessary for 
integrability. This is proved in $1. 
In $2, we construct smooth plane fields satisfying the Bott vanishing but not the Massey 
product vanishing. These provide new examples of plane fields not isomorphic to integrable 
ones. 
I would like to express my sincere thanks to my advisor, Emery Thomas, for his many 
suggestions and advice during the preparation of this paper. 
$1. THE MASSEY PRODUCT OBSTRUCTION 
Let C* be a multiplicative cochain complex. Let H* be its homology. Let Z E HP, 
6 E Hq, c E H’ be such that a * 6 = 0 and 6 * E = 0. Choose representatives a, b, c and cochains 
x and y such that 6x = a * b and Sy = b * c. Then a * y + (- l)p+‘~ - c is a cocycle. Its class 
in Hp+q+r-l defines a coset modulo 5 * Hq+‘-’ + C * Hpfq-‘. This coset is called the 
Massey triple product of a, 6 and Z, and is denoted (ii, 6, C). 
Let f: C, + C, be a map of multiplicative cochain complexes. The following lemma 
is immediate. 
LEMMA. Iff* : HI’ + H, ’ is an isomorphism for r -< n and (x, y, z> c Hln, then 
f*k YP z> = <f*X,f*Y,filZ> 
(we say f preserves the Massey product). 
For a smooth manifold M, let Aq(M) denote differential forms of degree q, Aq(M) 
singular q-cochains with real coefficients, and DR: Aq(M) + Aq(M), the deRham map, 
given by integration of forms. DR does not preserve products (although DR, : H(A*(M)) + 
H*(M) does). Thus, it is not obvious that DR, preserves the Massey product. One can, 
however, prove that it does, with the use of the double complex introduced by Weil 
in [7]. 
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PROPOSITION. DR, preserves the Massey product. 
Proof Let U be an open cover of M such that every finite intersection is contractible. 
Let @U; A4) denote the Tech p-cochains of U with coefficients in differential q-forms. 
As is standard, we get a double complex using the Tech coboundary and the exterior deriva- 
tive. In [7], Weil proves that the associated single complex has the cohomology of M. More 
precisely he shows that the natural maps: 
and 
i, : A*(M) + c”( U; A*) 
i,: c*(M; [w) + c*(U; A’) 
preserve the ring structure and induce isomorphisms in cohomology. Thus by the lemma, 
il. and iz, preserves the Massey products, and hence 
.-2 
12. 
0 iI,: H*@(M)) + H*(@V; [w)) 
preserves Massey products. 
Similarly using A instead of A we get an isomorphism i,‘: H*(A(M)) + H*(c(M; W)) 
preserving Massey products. Weil shows that DR, = (i*‘)-’ 0 i;*’ 0 i,.and the result follows. 
Remarks. (i) A similar procedure also shows that the deRham isomorphism preserves 
the functional cup-(wedge-) product. 
(ii) Higher order Massey products [4], denoted by (, . . . ,), can also be defined in 
singular and deRham cohomology, and the above method shows that these are also pre- 
served by the deRham isomorphism. 
\ 
Our main theorem follows from the above: 
THEOREM 1’. If Q4 E 8” and a, b, c E Pant*(Q) with deg(a * b) > 2q and deg(b * c) > 2q 
then (a, b, c) f 0. 
Proof. From Bott’s original proof of the vanishing theorem [l], we see that there are 
closed forms U, v, o E A*(M) which represent a, b, c via the deRham isomorphism such that 
u A v = 0 and v A w = 0. It follows immediately that (G, 6, 53) = 0 in H@*(M)) then 
(a, b, c) = (DR, ii, DR,i7, DR, Ls) = DR, (ii, 5,153) = 0 by the lemma and the proposition. 
This theorem (and proof) generalizes easily to: 
THEOREM~‘.Z~Q~~~‘~~~~,,..., ak E Pant*(Q) with deg(a, * ai+l) > 2q, i = 1,. . . , 
h- 1, then(a,, . . . . a& is defined and = 0. 
If Q is a complex bundle, then Chern*(Q) denotes the ring generated by its real Chern 
classes. The corresponding result (proved similarly) is : 
THEOREM 1#. If E is a holomorphic integrable subbundle of a holomorphic tangent bundle 
TMandC,, . . . . C, E Chern*(TM/E) and deg(Ci . Ci+,) > dim .(TM/E) then 
(C,, . . .) C,) E 0. 
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REMARK. These results can be suitably interpreted in BT, and BT,$, the Haefliger 
classifying spaces of foliations. 
$2. CONSTRUCTION OF PLANE FIELDS NOT ISOMORPHIC TO INTEGRABLE ONES 
The idea is to construct the “ universal 4-bundle Q with Pant’(Q) = 0 for r > 8 “. We 
will then find, for example, that (PI(Q), P2(Q), P,(Q)) f 0. Using this bundle and the 
theorem of $1 we will be able to produce a codimension 4 plane field of a smooth manifold 
not isomorphic to an integrable one. 
Let X be a finite complex having the homotopy type of BO, through a high dimension. 
Let PI, P, E H*(X; R) be the real Pontrjagin classes of the canonical 4-bundle r over X, 
and let X5 K(Z, 12) x K(H, 12) x K(H, 16) be a classifying map for PIP, x PI3 x P,‘. Let 
rc: E--f X be the pull-back by f of the path-loop fibration and P, = z*P,, P, = z*P, , and 
y = n*l$ 
THEOREM 2. (a) Pant’(y) = 0 for r > 8 ; 
(b) (iTI, P,, P,) $0 and (H12, P,, P,) f 0. 
COROLLARY. There exists a compact mantfold M and a sub 4-bundle N of its tangent 
bundle Z~ such that Pant’(N) = 0 for r > 8 but 7JN is not isomorphic to an integrable 
bundle. 
Proof of Corollary. A theorem of Stasheff [6] states : If p: T + B is a Hurewicz fibring 
and B and all the fibers have the homotopy type of C W-complexes, then so does T. Thus E 
above has the homotopy type of a C W-complex. Let F be a high dimensional skeleton of E. 
Since X is finite and F has finite skeleta, F has the homotopy type of a finite complex Y. 
Let p be the bundle over Y induced by Y -+ E from y. Now by the lemma following this 
proof, there exists a compact manifold M and h: A4 -+ Y such that 5 = h*p is a subbundle 
of rM and h* is an isomorphism in real singular cohomology through dimension 20. By 
Theorem 2(a), Pant’(t) = 0 for r > 8. By part (b) of the theorem and Lemma 2, 
<P1(5), P2(5h P2(5)) $0. 
Thus, by Theorem 1, rMM/5 is not isomorphic to an integrable bundle. 
LEMMA. Let 5 be a vector bundle over a finite complex X. Then for any integer t, there 
exists a compact manifold M and h : A4 + X such that h*< c ~~ and 
h*: Hq(X; rW)< Hq(M; R) for q < t. 
Proof We find a manifold M and a map r : M + X which is a t-equivalence by taking 
the boundary of a regular neighborhood of X in a large Euclidean space. Let y = r*t. Then y 
may not embed in rM, but it does embed in rM y s, for some large m. 
Proof of Theorem 2. We can decompose the fibration rr : E + X into: 
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E 
I x1  ^
E2 --% KG& 16) 
each induced from the appropriate path-loop fibration, 
711 * 712 0 713 = n, Pi = n,*P,) hi = 7cz*&. 
Since H*(K(Z, 2n + 1); [w) NN H*(S2”+l; rW), we can use the generalized Gysin sequence 
[5, p. 4991 to calculate successively H*(E,; rW>, H*(E,; W), and H*(E,; R). 
We assume X has the homotopy of B04 through dimension 20. All statements about 
cohomology groups that follow will refer to dimensions 520 and real coefficients. 
CLAIM 1. H*(E,) = IF@,, P&HIP",) where (PIP,) denotes the ideal generated by PIP,. 
Proof. The Gysin sequence for rrl is: 
- H”+“(E,) - H”(X) = H s+lz(x) Xl” , HS+12(E1) -. 
Cupping with PIP, is injective so we get short exact sequences 
o- 
UPIPZ 
H”(X) - ffS+‘2(X) C1* , H”f’Z(EI) - 0. 
Thus H*(E,) % H*(X)/n,*(P,P,). 
CLAIM 2. (a) H*(E,) = R[p,, P,]/(h,b, , F13)for * # 19; 
and (b) H19(E,) w If& 
H19(E2) ‘y H*(EJ 
ba 
o- & Hzo(E1) Rq’ H2’(EzJ - 0. 
Ker(uPi3) = (P,) so that H19(E,) is generated by do where Y(u) = H, . 
CLAIM 3. (a) H*(E) = rW[p,, P,]/(P,P,, P13, Fz2)for * # 19 where Pi = TLs*Fi. 
(b) H19(E) x R 0 Iw. 
Proof. Similar to above proofs. 
To complete the proof of the theorem: An arbitrary element of Pant’(y) can be written 
W = PlrlFZr~ with r = 4r, + Sr, . If r > 8, then either 
(i) rl 23*wE(P13)*w=0; or 
(ii) r,>l,r,~l*wE(H,P,)*w=O;or 
(iii) r2 2 2 3 w E (PZ2) =+ w = 0. 
This proves part (a). 
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To prove part (b): By part (a), (Pi’, P,, P,) and (Pi, P, , P,) are defined with zero 
indeterminacy. We denote these m,, m, E H19(E) respectively. 
CLAIM. {ml, m2} generate H19(E). 
We use the method of Hirsch [3], reformulated when the fiber is a K(n, n) by 
Cockcroft [2]. 
In case the fibration F 2 E is induced by a map f: B -+ K(Z, 2n), and the 
x 
B 
coefficients are real, Cockcroft’s theorem specializes to : 
THEOREM. Define a complex (C=“, a) by 
C,” = c P(B) OfP(F). 
p+q=m 
a(b @ 1) = 6b 0 1, and a(b 0 x) = 6b @ x - (- l)P(by) 0 1 where x E H2”-1(F) is the 
fundamental class and y is any representative of j E H’“(B) corresponding tof*r(x) where 
t(x) E ff’“(K(Z, 2n)) is the transgression of x. 
Define U: H*(F) -+ C’(E) by U(X) = c where i#c = x and 6c = n# y. 
Define 0,: (Cn*, a) + (C*(E), S) by 
@,Jb Ox) = n*b u u(x). 
Then a’, induces an isomorphism in cohomology for 0 < m < 2n. 
We apply this to the case of 
K(Z,ll)=F; L E, 
I _ n 
El & K(Z, 12). 
Here x generates H1’(F2), f = P13. 
Choose representatives pl, E2 E C*(E,) for P”i, P, E H*(E,) and choose y = PI3 and 
u(x) = c where 
6c = 7c,“&“. 
Now p,H, = 0 so we choose v E C’l(_El) such that 6v =I&. 
Letq, =P”i2v@1 -f2@xECiT. 
Then a(?,) =213j32 0 1 - E2Ei3 @ 1 = 0, and Qxl(ql) = pi27t2#u - E2 c, which is a repre- 
sentative of (&“, &, f,). 
To show ql is not a coboundary: 
If w E Ci:, then w = b, @ x + b, @ 1 where b, E C7(EI), and b, E C’*(E,). 
aw=6b,@x+by@l +6b,@l. 
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Then q1 = &D + P, = 6b,, which is impossible since B, # 0. 
Thus Qz,nl generates Ht9(E,). 
By previous discussion, n3*: H’9(E,) + H’9(E) is injective, and so n3*@,_n1 f 0. 
Similarly, applying Cockcroft’s theorem to the fibration 
K(Z,15)=F, is E 
4 r 
E, 2 K(Z 16) 
wefindthatq,=p,s@l -~,@~EC~~ represents a non-zero class, where 
6s = P,P, and z E H15(F3) 
is the fundamental class. 
As before also, @_q2 E C19(E) is a representative of (i5;,, P, , H,). 
To show rc3*Qn2~r and O,_qz are linearly independent: We have 
%*%Jl = @.a% 
where 
Thus 
for k E 173, and this last expression is not a coboundary since P, # 0. 
By similar techniques we find many more examples of the Massey product obstruction 
to integrability : 
THEOREM. For each q 2 4, there exists a compact manifold M4 and a q-bundle tq c ~~~ 
such that Pont’(5q) = 0 for r > 2q but ~~~15~ is not isomorphic to an integrable bundle. 
Proof. Let S = (cr. E Hk(BOq; Z); 2q < k I 4q, a a product of Pontrjagin classes}. 
For each u E S, let f,: B + K, be a classifying map for u where B = BO, , and K, = 
K(Z, deg a). 
Let f= Xf,:B-+K, where K= X K,. As before, we taken the pull-back by 
LIES ass 
f of the path-loop fibration over K and restrict to a finite skeleta X of B, to get a fibration 
z:E+X. 
It then follows easily that Pont’(Sq) = 0 for r > 2q as in the proof of Theorem 2(a). 
For convenience, take q = 41. 
We then find, by reasoning similar to that in the proof of Theorem 2(b), that 
<P,2’Y P,, P2’) 
is defined and $0. 
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As before, we can then construct a subbundle of the tangent bundle of a compact 
manifold with the desired property. 
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